Abstract. The phenomenon of U (p)-congruences was recently studied by Ahlgren and Ono [1] and by Elkies, Ono and Yang [2] . We provide a necessary and sufficient condition which improves their general results.
be the usual elliptic modular function on SL 2 (Z) (q := e 2πiτ throughout). Recall that a modular form (on SL 2 (Z)) is called weakly holomorphic if its only pole is at infinity. Every weakly holomorphic modular form of weight zero f on SL 2 (Z) is a polynomial F in j and has a q-expansion of the form f = F (j) = n −∞ a(n)q n .
For a rational prime p the action of the U = U (p)-operator on formal power series in the variable q is defined by F → F |U , where F = a(n)q n and F |U = a(pn)q n . Denote byj ∈ F p [[q] ] the modulo p coefficient-wise reduction of j. Recently Elkies, Ono and Yang in [2] considered the following question. For a monic polynomial F (x) ∈ F p [x], under which conditions does there exist a polynomial
. A special case of this question with deg(F ) < p is considered in a recent paper by Ahlgren and Ono [1] . In this case deg(G) = 0 or −∞, and the question specializes as follows. For a polynomial F (x) ∈ F p [x] of degree < p, under which conditions does the congruence [2] . These projects are devoted to the interplay between singular moduli and class polynomials. In particular, general criteria for an arbitrary (monic) polynomial F to satisfy a U (p)-congruence were obtained in loc. cit. and were applied to the the case when F is a Hilbert class polynomial.
The author wants to thank Ken Ono for a valuable suggestion to prove a result in the generality corresponding to [2] , whereas the initial version of this paper was bounded by the framework of [1] .
Following [1] and [2] , consider an arbitrary rational prime p and introduce the polynomial
, which is a slight modification of the supersingular polynomial at p. More specifically, let S p (x) = 1 if p ≤ 11, and for p > 11 let
where the product is taken over F p -isomorphism classes of supersingular elliptic curves E.
The general results pertaining to U (p)-congruences, proved in [1] and [2] , may be summarized as follows.
It is mentioned in [1, Theorem 2, Remark 1] that the sufficient double divisibility condition (i) is not necessary; the necessary condition (ii) is not sufficient. We present a necessary and sufficient condition in this paper.
Remarks.
(1) Our Theorem 1 immediately implies Theorem 0. Indeed, if
2 |F (x), then S p |F (x) (but not conversely), and, by Theorem 1, F satisfies a U (p)-congruence, which proves (i). Conversely, if F satisfies a U (p)-congruence, then, by Theorem 1, S p |F (x), and therefore
, which proves (ii).
(2) One can slightly generalize the notion of U (p) 5.4 ] allow one to prove that the congruence
holds if m is big enough.
Our proof of Theorem 1 is based on an idea of Serre [6, 6 .16b], where a special case of a similar argument (F (x) = x in loc. cit.) was left as an exercise to the reader.
Proof. We use the standard (Ramanujan) notations for the Eisenstein series of weights 4 and 6 and for the normalized cusp form of weight 12:
We denote byQ,R and∆ ∈ F p [[q]] the coefficientwise modulo p reductions of the above series. The operator D (sometimes denoted by θ) acts on formal q-series and takes a(n)q n to na(n)q n . We begin with the identity (F |U ) p = F − D p−1 F of power series over F p , which implies the identity
for any positive integer b. Recall that a modulo p modular form is a power series in F p [[q] ] which coincides with a modulo p reduction of the q-expansion of a holomorphic modular form on SL(2, Z) with rational p-integral q-expansion coefficients. We denote the space of modulo p modular forms by M . For f ∈ M we denote by w(f ) its filtration. The definition and a detailed exposition of the theory of filtration are contained in [5, 6, 7] .
Thus the filtrations of these terms are well-defined. We are particularly interested in w(∆ b (F |U )), and we are going to estimate the filtrations of the three terms in (3) in order to conclude that
We have
We now want to calculate the filtration w(
2 R/∆, chain rule for a = 0, product rule for a > 0 (D is a differential operator), and an induction argument in a imply that
Pick a = p − 2 and pass to the modulo p reductions to obtain
We use the equality 
Notice that 12bp + 2 ≡ 2 mod p and apply [7, Lemma 5(ii) ] combined with the identity (7) to conclude that
Filtration satisfies the ultrametric inequality w(f +g) ≤ sup(w(f ), w(g)) for f, g ∈ M , which implies that w(f + g) = max(w(f ), w(g)) provided that w(f ) = w(g). We apply this observation to (3), taking into account (5), (6), (8), and the evident inequality p 2 + (12b − 1)p > 12pb, and obtain
which implies (4). We now derive the statement of Theorem 1 from (4). Assume that
is a modulo p reduction of a p-adic modular form of weight 12b. Therefore by [5, Théorème 1] its filtration is w(∆ b (F |U )) = w(∆ b (F |U )) ≡ 12b mod p − 1. This observation together with the inequality in (4) implies that w(∆ b (F |U )) ≤ 12b. Thus there exists a modular form f on SL 2 (Z) of weight 12b such that f ≡ ∆ b (F |U ) mod p. It follows that (F |U ) ≡ f /∆ b mod p. However, f /∆ b is a modular form on SL 2 (Z) of weight zero with its only pole at infinity, which must be a polynomial in j. This proves that F (x) satisfies a U (p)-congruence if
Conversely, if the congruence (1) holds, then
and it follows from (4) that
